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A nonequilibrium reacting ¯ ow methodology has been combined with a conservative, monotonic, two-phase,
compressible ¯ ow solver to allownumerical simulationsof gasdetonationssubject to inert particles. This ¯ ow solver

incorporates unstructured dynamically adaptive meshes with the ® nite element method± ¯ ux-corrected transport
scheme for both the gas and particle phases. A simple two-step induction parameter model was used to model the

combustion of the gas phase coupled with a point-implicitscheme for the energy release equation. This combustion
model was then used to simulate two-dimensional detonation macroscopic features of a hypothetical fuel oxygen

diluent mixture for a few sample cases. These simulations employed particles of various diameters and mass
loadings resulting in both successful and failed detonations.

I. Introduction

TWO-PHASE reacting compressible ¯ ow phenomena present
an important ® eld of study for engineering systems, which in-

cludesolid rocketmotors, particleor dropletdetonations,and sprays
in hypersonicscramjetengines.When solvingthe compressibletwo-
phase equations, the continuum gas dynamics are usually best rep-
resented by an Eulerian description, that is, the gas characteristics
are calculatedat ® xed points within the ¯ ow. However, the particles
can be modeled by either an Eulerian description(in the same man-
ner as the gas ¯ ow) or a Lagrangian description (where individual
particle groups are monitored and tracked in the ¯ ow). Whereas
Lagrangian descriptions are better suited for turbulent dispersion
and particle-re¯ ection simulations, an Eulerian particle description
allows improved interphase coupling accuracy by coincident de-
scription with the gas ¯ ow. Recently, we have investigated both
Eulerian and Lagrangian methodologies of the particle phase for
the problem of shock attenuation by inert particles by using un-
structured ® nite element grids.1 , 2 The results indicate that, for such
¯ ows, the Eulerian particle description provides a superior solution
with respect to ¯ ow modulationbecause of the coincidentnodal de-
scription of the gas ¯ ow characteristics and greater computational
ef® ciency. Therefore, the Eulerian description is employed in the
present study for both the particle and gas phases.

To date, there have been only a few fundamental experimental
studies on gaseous detonations with inert particles. One such in-
vestigation by Laf® tte and Bouchet3 examined the prevention of
detonations by particle addition. The study investigated decreasing
the particle diameter while keeping the total mass of the particles
per unit volume of air (mass loading) ® xed. The results suggested
that an increase in the total surface area of the particles enhanced
the ability of the particles to prevent detonation.Additionally, it ap-
peared that stoichiometric conditions required the greatest number
of particles for detonation prevention. Kauffman et al.4 experimen-
tally examined dust (where the fuel is contained within the parti-
cles), hybrid (where the fuel is contained in both the particles and
their surroundinggas),and dusty(where the particlesare chemically
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inert) detonations.The dusty detonation results show that, for inert
particles with large diameters or small mass loadings, the particles
have little or no effect on detonation velocity. However, suf® ciently
small particles or suf® ciently large loadings in the ¯ ow results in
detonation failure.

In general, numerical studies of multidimensional dilute dusty
two-phase detonations are scarce. Analytically, Kulikovskii5 pre-
sented a quasi-one-dimensional study of gaseous detonations con-
taining inert particles. The results indicate that it is the volume
concentrationof particles in the ¯ ow that plays a major role in mod-
ifying the ¯ ow rather than particle diameter (whereas the results of
Kauffman et al.4 show that changes in particle diameter were more
critical). The present study seeks to establish a two-dimensional ® -
nite elementmethodologyfor ef® cientlysimulatingtwo-phasedusty
detonations for ® nite reaction rates and the particle velocity and
temperature in nonequilibriumwith respect to the gas velocity and
temperature. The proposed technique is a monotone-preservingal-
gorithm coupled with unstructured adaptive grids for ef® cient res-
olution of reaction zones. A few sample simulations are conducted
here to note the effect of particle conditions on detonation success.

II. Numerical Method
In modeling the ¯ ow® eld, the following assumptions were in-

corporated: the particle volume fraction is negligible (ranging from
10 ¡ 5 to 10¡ 3 in this study) and the particles are spherical, inert,
and of uniform size and temperature.The ® rst assumption indicates
that the particles are also dilute, i.e., particle±particle interactions
do not account for a signi® cant portion of the forces on the par-
ticles, and they do not signi® cantly contribute to the gas pressure
(because of the small volume fraction of the particles). Because the
particledensity q p is more than threeordersof magnitudelarger than
the surroundinggas density q , the added (or virtual) mass effect can
be neglected. Because the gravity-induced terminal drag forces of
the particles are far less than the shock-induceddrag forces,gravita-
tionaleffectsare also neglected.Because lift-to-dragratios are much
less thanonedue to low vorticity(outsideof contactdiscontinuities),
the lift force is neglected.Because the gas velocitygradientsthrough
which the particles will be convected have scales much larger than
the particle diameter (except at the shock), Basset history and Faxen
terms are also neglected. Thus, the only forces acting on the par-
ticles (pressure and viscosity) can be described based on a single
coef® cient of drag. As for energy coupling, the effects of radiation
can be considerednegligiblebecause phase temperaturedifferences
are not excessive; therefore, heat transfer can be expressed simply
in convective terms based on a constant Prandtl number.
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A. Gas and Particle Equations
The differential equations of the reacting gas and inert particles

can be written similarly as
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where the summation convention is used and where quantities with
subscript p indicate a particle value. The gas equations for a two-
phase ¯ ow as given by Ref. 1 are
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where Di is the component of drag force on the particles in the i
direction of a Cartesian coordinate system per unit volume of gas,
u i is the component of the ¯ uid velocity in the i direction, u pi is
the particle velocity in the i direction, and Q is the heat transferred
from the gas to the particles per unit volume of gas. The constitutive
equationsused for drag and heat transfer are relativelystandard and
are discussed in detail in Ref. 1. The state equations were modi® ed
to include chemical energy as per Taki and Fujiwara6:
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where q , p, e, T , c , cv , x , and q are density, pressure, speci® c total
energy, temperature, ratio of speci® c heats, speci® c heat at constant
volume, fraction of fuel remaining, and heat of reaction per unit
mass, respectively.

The ® ve particle equations1 are
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where r is spatial density (mass of particles/unit volume), n is num-
ber density (mass of particles/unit volume), and u p and ep are the
particle velocity and particle total speci® c energy, respectively.The
particle total speci® c energy is related to the particle temperature
Tp by

Tp =
[ep ¡ 1

2
u p j u pj ]
c

where c is the speci® c heat of the particles. Note for the present
calculationsthe particles are of constantmass so that n is not critical
to the calculations.

A simple two-stepinductionparametermethodwas used to model
the chemical reaction of the gas.6 The two additional equations are
based on the model of Korobeinikov et al.7 (used to approximate a
diluted stoichiometric H2/O2 system):
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where f is the fraction of induction time that has passed, x is the
fraction of fuel remaining,k1 = 3.0 £ 1011 cm3/(g-s), k2 = 1.04 £
10 ¡ 7(cm2-s3)/g2, q = 4 £ 1010 erg/g, E1/ R = 9850 K, E2/ R =
2000 K, R (the gas constant)= 6.929 £ 106 erg/(g-K), and c = 1.4.
The ® rst step representsthe inductionperiodwhen radicalsare being
built up. An induction parameter, f , representing the fraction of
induction time that has passed is convected with the ¯ uid. Initially,
f is set to 0 and x is set to 1. As the gas heats up, such as after
the passage of a shock wave, f proceeds to 1, at which time the
induction period is over and the exothermic reaction [Eq. (5)] can
start, with both production and consumption terms.

It is important to keep in mind that this reaction rate model does
not represent the detailed reaction chemistry of actual H2/O2 deto-
nations with high ® delity. The purpose of this study was to consider
a simple description of a reaction system that has similarities to
actual detonations. And although Matsuo and Fujiwara8 have used
this combustion model to successfully predict oscillations caused
by shock-induced combustion around a blunt body, the model is
certainly an approximate one because of the constant c , cp , and cv

employed. Therefore, the present set of reaction equations is used
only as a hypothetical ¯ ow® eld, which incorporates the basic fea-
tures of such detonationsto develop and test a numerical method for
dusty detonations; its simplicity also allows a more lucent insight
into the particle interaction effects.

B. Finite Element Method
The unsteady, compressible ideal reacting gas and inert particle

equations can be discretized to form a conservative scheme.9 The
two-step second-order Taylor±Galerkin algorithm was used in the
present study for the spatial and temporal discretizationin the ® nite
element method (FEM). In the ® rst ª predictorº step, the conserved
quantities are assumed piecewise constant; for the second ª correc-
torº step, they are assumed piecewise linear. Spatial discretization
is performed via the Galerkin weighted residual method. Arti® cial
viscosity in the form of mass diffusion is added to the second-
order scheme mentioned above to obtain an inexpensivemonotonic
low-order scheme [note this low-order diffusion is applied with a
lumped mass matrix and is different from that employed by ® nite-
difference models of ¯ ux-corrected transport (FCT)]. From this,
the low-order term contribution is combined with the high-order
contribution through the FEM-FCT formulation to prevent forma-
tion of overshoots or undershoots in the conserved quantities near
admissible discontinuities.To maintain strict conservation,this lim-
iting is carried out on the element level. The limited second-order
Taylor±Galerkin algorithm is employed to solve the homogeneous
parts (i.e., left-hand side) of both the gas and particle equations
[Eqs. (1)]. The gas/particle (interphase)coupling terms of drag and
energy transfer are then calculated separately and added to the un-
knowns. We recently studied and validatedexpressionsfor drag and
heat transfer (assuming negligible radiation) of spherical particles
subjected to shock waves1 and we have employed those expressions
for the present studies (although compressibility effects are likely
to be greater herein).

Grid adaptation was employed to optimize the distribution of
grid points. In general, grid adaptation reduces storage and CPU
requirements by 10±100 times in advection-dominated¯ ows com-
pared to similarly resolved ® xed-grid computations.10 Gas density
( q ) and particle spatial density ( r ) were both chosen as re® nement
variables.1 This is due to the high gas densitygradients,which occur
near shock and reaction fronts and high particle density gradients
caused by variations or discontinuities in particle loading. The tri-
angular mesh elements are re® ned in regions with high gradients of
density to allow for a ® ner distributionof mesh grid points. Each lo-
cal subdivisionof a triangleinto four trianglesis referredto as a level
of re® nement. In regions with low gradients of density, the mesh is
coarsenedto ef® ciently use mesh grid points. In general, the method
has been successfully used for computation of several nonreacting
¯ ows, includingviscous ¯ ows,10 shock diffraction¯ ows,11 particle-
attenuated shock ¯ ows,1, 2 and shock-inducedvortex dynamics.12

A simple two-step inductionparametermethodwas used to model
the chemical reaction of the gas.6 Both Eqs. (4) and (5) are solved
by the two-step second-order Taylor±Galerkin algorithm. The ma-
trix inversion for Eq. (4) was the same used for Eqs. (1), which
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Table 1 Detonation parameters and results for grid resolution study
of single-phase conditions and two-phase simulations

Parametera S3 S3 S3 T1 T2 T3 T5

d , l m Ð Ð Ð Ð Ð Ð 80 25 25 0.1
g Ð Ð Ð Ð Ð Ð 0.75 0.75 2.70 0.75
LOR 4 5 6 5 5 5 5
D xmin 0.04 0.02 0.01 0.02 0.02 0.02 0.02

s U , s Ð Ð Ð Ð Ð Ð 6.8 £ 10 ¡ 3 1.1 £ 10¡ 3 1.1 £ 10¡ 3 7.5 £ 10¡ 8

s T , s Ð Ð Ð Ð Ð Ð 1.5 £ 10 ¡ 2 1.4 £ 10¡ 3 1.4 £ 10¡ 3 2.3 £ 10¡ 8

ÅCs , cm/s 2.58 £ 105 2.57 £ 105 2.61 £ 105 2.57 £ 105 2.51 £ 105 2.32 £ 105 Ð Ð
ÅMs 4.88 4.86 4.93 4.86 4.74 4.38 Ð Ð

Ål ¤ , cm 0.549 0.435 0.375 0.426 0.490 0.770 Ð Ð
Final mode 2 2 2 2 2 1 Failure

WL Ð Ð Ð Ð Ð Ð 1.34 £ 10¡ 6 3.37 £ 10 ¡ 5 1.21 £ 10¡ 4 1.02 £ 10¡ 1

QL Ð Ð Ð Ð Ð Ð 6.10 £ 10¡ 5 3.65 £ 10 ¡ 4 1.31 £ 10¡ 3 4.91 £ 10¡ 2

EL Ð Ð Ð Ð Ð Ð 6.23 £ 10¡ 5 3.98 £ 10 ¡ 4 1.43 £ 10¡ 3 1.51 £ 10¡ 1

EC Ð Ð Ð Ð Ð Ð 2.02 £ 10¡ 6 5.05 £ 10 ¡ 5 6.55 £ 10¡ 4 1.27 £ 10¡ 1

aParameters are, respectively, particle diameter, mass loading, maximum levels of re® nement, minimum element size, inertial timescale, thermal
timescale, average shock velocity, average shock Mach number, average induction zone length, ® nal mode number, work loading, heat loading,
energy loading, and energy conversion.

included a three-step iterative techniquebased on the consistentand
lumped mass matrices. However, the stiffness of the reaction rate
in Eq. (5) requires that either a time-splitting or an implicit tech-
nique be used. Because of the unstructuredmesh, the current study
employed a point implicit scheme. For the point implicit scheme,
the nonhomogeneousterm in Eq. (5) is expanded in a Taylor series.
The zeroth-orderexpansionterm remains on the right-handside; the
remaining terms are moved to the left-hand side and are evaluated
at the previous time step. The lumped mass matrix is used in place
of the consistent mass matrix, thereby ignoring contributions from
neighboring nodes and maintaining second-order accuracy.9

III. Discussion
A. Grid Resolution Studies

To reference the two-phase results and to examine grid resolution
sensitivity, single-phase detonations in a two-dimensional tube by
usingthe simple two-stepreactionmodelwere computed.19 The ¯ ow
was initialized with a one-dimensionalZel’dovich±von Neumann±
DÈoring (ZND) detonation at an initial pressure of 0.1 atm and an
initial temperature T0 of 288.65 K. The ¯ ow pro® les for the one-
dimensional ZND were obtained by numerically integrating (with
high spatial resolution) the steady-state conditions throughout the
reaction zone based on a Chapman±Jouguet detonation where the
Mach number MCJ is given by the following equation from Ref. 6:

MCJ = {1 +
( c 2 ¡ 1)q(1 ¡ x eq)

2c RT0
}

1
2

+ {( c 2 ¡ 1)q(1 ¡ x eq)

2 c RT0
}

1
2

(6)

where x eq is the equilibrium value of the fuel fraction, given as
0.2315.This one-dimensionalsteadypro® le (which was found to be
grid independent)9 yields an MCJ of 4.8, which was used to compute
the properties behind the shock wave and throughout the reaction
zone.

The initial conditions for the single-phase problem are the same
as those shown in Fig. 1, except there are no particles. The one-
dimensional ZND wave was placed at x = 40 cm and allowed to
travel down the tube. Perturbations in x were placed just down-
stream of the detonation to allow formation of a two-dimensional
detonationstructure.The perturbationswere introducedas two rect-
angular regions 0.45 cm long, which spanned the 4.5-cm width. The
region in the top half of the tube was prescribed with an x of 1.4,
whereas the region in the bottom half of the tube was prescribed
with an x of 0.6.

The maximum number of levels of re® nement (LOR) allowed in
the computationwill determinethe size of the grid in regionsof large
gradientsin q and r . The more LOR allowed in the computation,the
smaller the ® nestgrid spacing(D xmin ). For all cases presentedin this
paper, the detonationwas ® rstcomputedwith ® ve LOR for a distance
of 15 cm (to x = 55 cm) from its initial one-dimensionaldescription
so that it fully traversed the above perturbation region. For both
different single-phase grid resolutions (through changes in LOR)
and for different particle loading test conditions, the computation

Reacted 
Gas

Detonation 
Wave

4.5 cm

40 cm

20 cm 240 cm

w  = 1.4

w  = 0.6 Particles

Unreacted Gas 

w  = 1

0.45 cm

Fig. 1 Initial computational domain for dusty gas detonation simula-
tions (not to scale).

was then allowed in proceed down the tube an additional 60 cm (to
x = 115 cm). One reason for this two-stage temporal division was
that the ® rst 15 cm of travel was computationallyintensive because
of the large amount of detailed resolution required for the initial
perturbation initiation. The resulting ¯ ow was deemed a successful
detonation if it had stabilized to a speci® c detonation mode, with a
single transverse wave termed a single-mode, two transverse waves
termed a double-mode, etc. If the reaction front had separated from
the shock front so that the shock speed was continually decreasing,
the ¯ ow was termed a detonation failure.

The grid resolution study was performed with four, ® ve, and six
LOR as described in Table 1, which shows the time-averagedshock
front velocities ( ÅCs), time-averaged shock front Mach number ÅMs ,
time-averagedinduction lengths Ål ¤ (de® ned as the distance between
the points where f = 0.0001 and 1.0), and the ® nal mode; and
where ÅCs , ÅMs , and Ål ¤ data were collected along the upper and lower
walls only. Note that the case pre® x T is used for two-phase detona-
tion runs and S is used for single-phasedetonation runs. Additional
details of the grid resolution study are given in Ref. 19.

In general, the results indicate that the macroscopic features in-
cluding ÅCs and ® nal mode number are grid resolved for ® ve LOR.
The induction resolution (D xmin / Ål ¤ ) for ® ve LOR was approxi-
mately 1

20
; this fraction is about four times smaller than that used

by Taki and Fujiwara13 (who noted a mode number dependence on
grid resolution) and about the same as that used by Bourlioux and
Majda.14 The resolution of the reaction zone is similar because its
size was also about 0.4 cm (this length was similar to the steady
value of the one-dimensional ZND solution but rather thick com-
pared to other two-step models). This resolution is achieved with a
very modest number of grid points (» 7000) as a result of the un-
structured adaptive ® nite element technique (whole advantage be-
comes more profound once complex geometries are considered).12

However, examination of Ål ¤ as a function of LOR shows that this
parameter (which is sensitive to the ® ne-scale details of the ¯ ow,15

especially for the low-tolerance de® nition employed above) cannot
be considered fully converged.

Grid resolutionfor the two-phase nonreactingcase was studied in
detail in Ref. 1 with fully converged results noted for shock speed.
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Fig. 2 History of shock velocity and induction zone length for two-
phase detonation case T1.

The two-phase reacting cases (which employed ® ve LOR) resulted
in induction and reaction zones longer than that of their single-
phase counterpart and thus can be considered to yield reasonably
grid-independentsolutionswith respectto the macroscopicfeatures.
Note, even at six LOR, no numerical artifacts were noted in the
solution and no changes in the basic FEM-FCT scheme were re-
quired to keep the solution stable.

B. Simulations of Particle-Laden Detonations

For the detonations with inert particles, we examined a limited
number of test conditions to examine the effect such a two-phase
mixture had on the detonation macroscopic features. A schematic
representation of the initial conditions for the detonation problem
with particles is shown in Fig. 1. The test ¯ ow used included inert
glass particles with a density of 2.5 g/cm3 and a speci® c heat of
7.66E + 06 erg/g-K. The particles were added in a region extending
from 20 cm downstreamof the initially one-dimensionaldetonation
wave to the downstreamend of the domain.This allowed the detona-
tion to traverse20 cm as a single-phasewave (during which time the
transversewaves were able to develop based on the perturbationsin
x ), before reaching the uniformly distributed particle-ladenregion.

The particle diameter and loadingwere changedbetween cases to
investigate their effect on the detonations.Table 1 presents the parti-
cle diameter, mass loading (g , the ratio of particle mass to gas mass
in a given volume of the mixture), inertial time scale s U , and thermal
time scale s T for all the two-phase detonationsrun in this study.The
inertial time scale was estimated as q pd2/ (18 l ) based on Stokesian
drag, which is a lower-bound approximation to the actual response
time (see Ref. 9). The thermal time scale was estimated as (C q pd2)/
(3 Nu k), where Nu is the Nusselt number and k is the thermal con-
ductivity of the gas.1 For the ® rst case (T1), particles of diameter
d = 80 l m and a particle mass loading g = 0.75 were chosen. This
combination was chosen as being qualitativelysimilar to one of the
experimental conditions of Kauffman et al.4 for which the particles
had only a small effect on the detonationspeed.Two additionaltests
(T2 and T5) investigateda reduction in the particle diameter for the
same mass loading. The T5 test used particles that were so small as

to make their thermal and inertial time scales much less than an in-
teraction time between the particles and the induction zone s I . This
interaction time scale is estimated as the Ål ¤ / ÅCs of the single-phase
results, where the particle velocity is assumed to be a small frac-
tion of the detonation wave speed. This yields a s I of 8.4 £ 10¡ 6 s,
which is much smaller than the timescales of tests T1±T3, meaning
that the speed and temperatures of these particles in the induction
and reaction zones will be approximately equal to their preshocked
conditions (zero velocity and 288.65 K). However, the particles of
the T5 test will be nearly in inertial and thermal equilibrium with
the surrounding gas for most of the interaction time.

For the 80-l m particles of test T1 (g = 0.75), the resulting time
histories of shock velocity Cs and induction zone length Ål ¤ , as mea-
sured along the upper and lower walls, are shown in Figs. 2a and 2b,
respectively. Oscillatory behavior is observed where sudden in-
creases in shockvelocitycorrespondto a collisionbetweenthe trans-
verse wave and the wall. Figure 2 indicates that the ¯ ow dynamics
stabilized to a double mode (i.e., two transversewaves) with similar
histories of Cs for the upper and lower walls. The same character-
istics of the time histories and the double-mode propagation were
found for the single-phasecase (S3). Case T2, with d = 25 l m and
g = 0.75, also gave similar results of ÅCs and Ål ¤ history.

A temporal sequence of 10 levels of density contours is shown in
Figure 3 for case T2. Here we see two transverse waves just after
intersectingin Fig. 3a and heading toward the lower and upper wall.
As the transversewavespropagate,they locallyyield in their ª wakeº
a region of shorter induction and reaction lengths as well as a faster
detonation front because of their shock strength. This is re¯ ected in
the reduced thickness of the reaction zone shown by more closely
spaced density contours. The lower transverse wave has just begun
to re¯ ect off the lower wall in Fig. 3b, although not symmetrically,
and both waves are moving toward the center by Fig. 3c. The cycle

a)

b)

c)

Fig. 3 Sequence of gas density contour images for case T2 (dp = 25 ¹m,
´ = 0.75) with shock front traveling from » 87 to » 91 cm showing a
double-mode detonation.
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Fig. 4 Gas and particle u velocity along upper and lower walls for case
T2 at a time step corresponding to Fig. 3c.

will continue, thus yielding a successful detonation, i.e., one that
continues to propagate. The same transverse wave dynamics were
also noted in tests S3 and T1.

Figure 4 shows instantaneouspro® les of gas and particleu veloci-
ties along the upper and lower walls correspondingto Fig. 3c of case
T2. The pro® le of ug looks very similar to the single-phasecase (S3)
at a similar time, i.e., a sharp shock discontinuity followed after a
short distance by a ® nite reaction zone length.9 For u p , a lengthy re-
laxation zone is evident behind the detonation wave, corresponding
to a similar featurein nonreactingtwo-phaseshock ¯ ows.1 However,
the nonreactingshock case exhibiteda maximum velocitydifference
lagging the detonationbecause of attenuation of the shock, whereas
the present reacting case has a maximum velocity difference imme-
diately downstreamof the shock because the addition of energy into
the systemfromthe chemicalreactionsmaintains the shock strength.
In general, the Tp and Tg distributions yield pro® les qualitatively
similar to that for u p and ug .9 Case T3, with the same particlesize as
T2 but greater mass loading, was found to stabilize to a single-mode
detonation,9 i.e., onlyoneprimary transversewave within the tube at
a given time. This led to a signi® cant reduction in ÅCs and an increase
in Ål ¤ ; the greater times between transverse wave passage along the
front also yielded increased ¯ uctuations in both parameters.9

Case T5, using 0.1-l m particle diameters, exhibited detonation
failure. The time histories of ÅCs and Ål ¤ are shown in Fig. 5. Both
transversewaves show signi® cant reduction in speed and frequency
as they propagate.This combination is consistent with signi® cantly
reduced transverse wave strength. Beyond 80 cm, we see a rapid
increase in induction length, consistent with the shock wave and
reactionzone separating.For the purposesof this study, a detonation
is said to fail when the reaction zone and shock wave have separated
in this manner because further temporal integration should yield a
de¯ agration wave lagging far behind an attenuating shock wave. A
temporal sequence of 10 levels of density contours for detonation
failure is shown in Fig. 6. At the start of the sequence,the nearlyone-
dimensional shock wave is seen on the right, whereas the front of
the reactionzone can be seen in the lower part of the tube on the left.
The remaining transversewave is too weak to be detectablewith the
10 levels of density contours. As the sequence progresses, we note
that the shock wave becomes more one-dimensional(because of its
reduced interaction with the reaction front) and that the reaction
front movement to the right is slower than that of the shock wave.
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Fig. 5 History of shock velocity and induction zone length for two-
phase detonation case T5.

C. Particle In¯ uence on Shock Speed

The presentnumericalresultsfor test T1 indicatednearlyidentical
time-averaged characteristic shock speeds and very similar induc-
tion lengths compared to the single-phase case S3 (see Table 1).
Comparison of the detailed wave-front propagation and time histo-
ries of the induction length and shock speeds also indicated nearly
similar detonation dynamics (as described in the preceding section)
with both cases yielding a mode 2 detonation. This lack of parti-
cle in¯ uence is consistent with a large particle having a relatively
small particle surface area (for a ® xed mass loading), where the
drag and heat transfer rates are approximatelyproportionalto parti-
cle surface area. In addition, a long particle response time indicates
that the gas detonation is not signi® cantly coupled with the particle
properties.

Table 1 and Fig. 7 also show that ÅCs decreases slightly and Ål ¤
increasesslightlyas particlediameter decreases(which is consistent
with shorter response times) or mass loading increases (which is
consistentwith greater thermal and inertial capacity of the particles)
and where both variations are consistent with larger surface areas.
The net result is increased momentum, work, and heat transfer from
the gas to the particles.For example, the additionof 80-l m particles
(case T1) caused very little change in ÅMs . Decreasing the particle
size in case T2 resultedin a drop in ÅMs of about 2.5%. Increasingthe
loading in case T3 resulted in a further drop in ÅMs of 7.6%. For case
T5, this interaction is strong enough to lead to detonation failure.
These trends are phenomenologicallysimilar with the experimental
results of Laf® tte and Bouchet3 as well as Kauffman et al.4 Note
that increasing g (test T2±T3) resultedin reduction in the detonation
mode number (from two to one), but it is not de® nitive that a single-
mode detonation is necessarilycloser to failure than a double-mode
detonation. Indeed, Strehlow16 noted that similar initial conditions
could lead to different mode detonations on successive tests.

Now we examine a simple equilibrium theory for the change in
shock speed due to the addition of the particles. In the limit of very
small particles with correspondinglyvery short particle inertial and
thermal response times, the particles can be considered to be in
equilibrium with the gas, i.e., the mixture of gas and particles can
be considered as a single ª mixedº ¯ uid.4 Thus, Eq. (6) can be used
to estimate values for MCJ as a function of the mass loading of the
inert particles by using mixed values of c , q, and R. For such a
mixture, Rudinger17 gives the ratio of speci® c heats for a mixture
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Fig. 6 Sequence of gas density contour images showing detonation
failure for case T5.

Fig. 7 Plot of theoretical MCJ,M (equilibrium particles) and MCJ (sin-
gle phase) as a function of ´, along with simulation ÅMs for successful
detonation cases.

of gas and particles c M , the heat of reaction per unit mass for the
mixture qM , and the gas constant RM (see Ref. 18) as

c M = c
1 + g d

1 + c g d
qM =

q

1 + g
RM =

R

1 + g
(7)

where d is the speci® c heat ratio between the particles and the gas
(c/cp). Note that, because the particles are considered to be in equi-
librium, the mixed value properties will be independent of particle
diameter and will vary only with mass loading. Substituting Eqs.
(7) into Eq. (6) gives an equation for MCJ, M as a function of g ,
which is given in Fig. 7 for the present ¯ ow conditions. Although
applicable only in the limit of in® nitely small particles, this the-
ory gives an idea of the qualitative behavior one might expect in a

two-phase detonation, i.e., that increasing loading will decrease the
shock speed.However, this does not give informationabout whether
the shock will be stable to such loadings or what the effects of ® nite
inertial and thermal time scales will have on the detonation. In the
limit of very large particles that do not affect ¯ ow at all, the the-
oretical shock Mach number would simply be equal to that of the
single-phase case and this value (see Fig. 7).

The theory is compared to the results of the present simulations
in Fig. 7 for the successful detonation cases. The single-phase and
the mixed-¯ ow results thus represent upper and lower bounds for
the nonequilibrium simulated shock speeds. Such bounds are con-
sistent with particles that are approximately decoupled or are ap-
proximately in equilibrium with the gas.

D. Nondimensional Particle Energy Loading

There were two expected effects of the particle’s nonequilibrium
behavior on the detonation physics. The ® rst effect is due to heat
conduction from the higher temperature gas to the particles and
gas work done to accelerate the particles, both of which tended to
decrease the temperature of the gas. The second effect is the mo-
mentum transfer due to particle drag, which attenuates nonreacting
shocks as found by Sivier et al.1 These two effects correspondto the
Eq. (2) energyandmomentuminterphasesourceterms, respectively,
and can be described with nondimensional parameters.

Let us ® rst consider the energy sink terms caused by particle
work and heat transfer in the induction zone, which we call energy
loading (EL ). (Note that we could additionallyconsider the interac-
tion in the heat release zone, but because the sizes of the two zones
are about the same and because the average induction zone length
and ¯ ow properties are more easily estimated, we choose to use
only the induction zone.) In the induction zone, we may estimate
the gas density q ind , gas velocity u ind , the drag Dind , and the heat
transfer Q ind by assuming a normal (nonreacting)one-dimensional
shock traveling at the single-phase average front speed. To nondi-
mensionalize these sink terms in the induction zone with respect to
the total amount of energy released per unit volume of unreacted
gas, q ind(1 ¡ x eq)q , the energy transferred per unit volume of gas
per unit time in the induction zone is multiplied by the time it takes
the gas to pass through the induction zone, s g = Ål ¤ / ( ÅCs ¡ u ind). We
can thus write the energy loading as the sum of the work loading
WL and the heat loading QL :

EL = WL + Q L =
u pind Dind s g

q ind(1 ¡ x eq)q
+

Q ind s g

q ind(1 ¡ x eq)q
(8)

where x eq is taken as the single-phase (S3) value of 0.234. For
ª slowº particles ( s U , s T À s g), Dind and Q ind can assume that the
particlesare at their preshockedspeed (at rest) and temperature (T0),
and the gas characteristics are given by the shock-induced values
when computing interphasedifferencesfor the inductionzone, e.g.,
the relative velocity is equal to uind. The value for u p ind is estimated
by assuming a constant acceleration in the induction zone and then
taking the average value.9 For ª fastº particles (s U and s T ¿ s g ),
e.g., test T5 conditions, we can assume that the particle velocity
and temperature interphasedifferencesare removed well within the
induction length.9 This yields

EL »
0.5u2

ind r

q ind(1 ¡ x eq)q
+

c[Tind ¡ T0]r

q ind(1 ¡ x eq)q
(9)

Figure 8 and Table 1 show the dependence of mass loading and
particle diameter on energy loading for the two-phase cases. The
results indicate a correlation with increasing energy loading and
detonation failure; also, WL tends to dominate EL for large par-
ticles, whereas QL tends to dominate for very small particles. We
hope to investigatethese issues in the future by extensiveparametric
studies.

Similar to energy loading, the physics of drag loading can be re-
lated to a nondimensional parameter. We refer to this parameter as
the energy coupling EC , as it is intended to qualitatively represent
the particle drag effect on slowing the surrounding gas under the
assumption of constant total energy (the loss of energy due to the
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Fig. 8 Two-phase detonation cases shown as a function of d and ´.
Dashed lines indicate contours of constant EL.

particles is already characterizedby the energy loading).Normaliz-
ing this in a manner similar to energy loading, we have

EC =
Dind2 s g2

q ind2 (1 ¡ x eq)q
(10)

The expression for EC can be approximated in the same manner as
EL for slow and fast particles. For the latter, we have

EC »
u ind2 g 2

9(1 ¡ x eq)q
(11)

which gives a result independentof particle diameter [similar to Eq.
(9)]. The in¯ uence of EC on detonation success or mode number
is not clear, e.g., an increase could allow higher static tempera-
tures, which might help accelerate the detonation; however, it also
could reduce the shock wave speed, which might reduce detonation
strength. Future studies should obviously consider the independent
variation of EL and EC .

IV. Conclusions
A simple two-step reacting¯ ow model of a hypotheticalstoichio-

metric fuel/oxygen/diluentdetonationwas addedto an Euleriantwo-
phase ¯ ow solver to develop a numerical methodologyfor handling
simulationsof two-dimensionalgas detonationssubject to inert par-
ticles. In general, the unstructured adaptive grid methodology and
point-implicit reaction treatment proved to be satisfactory at main-
taining numerical stability, grid convergence of the macroscopic
features, and ef® cient use of grid points. The resulting simulations
showed that decreasing the particle diameter (while holding mass
loadingconstant)resultedin higherdrag, work, and heat loadingson
the gas. When the particle diameter became very small, this trend
resulted in detonation failure. Time-averaged shock speeds were
found to be reduced somewhat as particle loading increased but not
to the extent predicted by an equilibrium mixture between the two
phases. More work is needed to understand the in¯ uences of the
energy loading and energy conversion on detonation success and
mode number.
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